ABSTRACT. A. Pietsch has shown that the class of dominated linear operators on C(5) coincides with the class of absolutely summing operators. If the space C(S) is replaced by CX(S), where A" is a Banach space, this is no longer the case. However, any absolutely summing operator is always dominated, and the classes of operators coincide exactly when X is finite dimensional. A characterization of absolutely summing operators on CX(S) is given.
In this paper we consider absolutely summing and dominated linear operators on spaces of vector-valued continuous functions. In the case where the domain of the operators is C(S), these two classes of operators coincide [6, 2.3.4] , but in the first section we show that this is not the case when vector-valued functions are considered. In the second section we give a characterization of absolutely summing maps on spaces of vector-valued continuous functions.
Throughout this paper X, Y will denote Banach spaces, and 5 will denote a compact Hausdorff space with the a-algebra ¡B of Borel sets. The space of all continuous functions/ : S -» A will be denoted by CX(S), and it will be assumed that CX(S) is equipped with the sup norm, ||/|| = sup{||/(r)|| : t E S}. In case X is either the real or complex numbers, we abbreviate CX(S) to C(S).
A continuous linear map T : CX(S) -> Y is said to be dominated if there is a positive regular measure v on S such that || Tf || Í fs ||/(/)|| dv(t) forfECx(S) [2,111.19.3] .
A continuous linear map F : A -> Y is said to be absolutely summing if F carries weakly unconditionally convergent series (w.u.c. series) into absolutely convergent series ([6, Chapter 2]; [4, Anhang] ). (Here we are using the terminology of Pefczyñski [1] ; a series 2 x" in A is said to be w.u.c. if 2 K-*'.*n)l < °°f or each x' E A'.) We denote the space of all absolutely summing operators from A into Y by cA£(X, Y). Theorem 2.3.4 of [6] establishes the relationship between the dominated and absolutely summing maps defined on C(S). Indeed, from this result it follows that a continuous linear operator F : C(S) -> Y is dominated iff F is absolutely 124 CHARLES SWARTZ summing. In § 1 we show that this is not the case for operators defined on spaces of type CX(S).
I would like to thank the referee for his useful comments. Part (ii) of Theorems 7, 8, 11 and 12 are due to his remarks. Example 1 which gives a negative answer to a problem posed in the original version of the paper is also due to the referee.
1. Dominated and absolutely summing maps. We first show that any absolutely summing operator is dominated. For this we require several preliminary results. Lemma 1. Let X be a B-space. A series 2 x" is w.u.c. in X iff the set A = (2n6o x" : a E F(N)} is bounded, where F(N) denotes the family of all finite subsets of the positive integers N.
Proof. If 2 x" is w.u.c, then for any a G F(7V) and x' E A", |<V, 2" x"}\ = 2i°° Kx'>-OI < °° so A is bounded by the uniform boundedness principle.
If A is bounded, there exists M > 0 such that ||2o*nll -M for all a. If x' E X', then \(x', 20x">| S M\\x'\\ so that 2,°° \(x',xn}\ á 4M\\x'\\ [6, 1. Hence {2" <p" x" : a G F(N)} is weak-bounded, and therefore norm-bounded. By Lemma l,^ <j>nx" is w.u.c. Proof. Let 2 0« be w.u.c. in C(S). Let e > 0, and for each n pick x" E X such that ||jc"|| S 1 and \\T*<¡>n\\ á \\T# <¡>n(xn)\\ + e/2". Now by Lemma 3, 2 <¡>n*n is w.u.c. in CX(S) so 2 \\T(<i>nxn)W = 2 F#<í>n(*JII < «. Hence 2 11^*^11 < oo, and T* is absolutely summing.
Corollary 5. If T : CX(S) -» F « absolutely summing, then T is dominated.
Proof. By the Theorem F* is absolutely summing, and thus F* is dominated We then have F/= 2JL, Z/y for/=(/,,... ,/J in C^A), and F(<i>) = T{$V)
for 0 G C(S). From these relationships, it is easy to see that F is dominated iff each Tj is dominated iff each T¡ is absolutely summing [6, 2.3.4] iff Fis absolutely summing.
We show that the property above actually characterizes finite dimensional spaces.
Theorem 6. If the B-space X is such that any dominated linear operator T : CX(S) -> A is absolutely summing, then X is finite dimensional.
Proof. Fix t G S. Define F : CX(S) -» A by Tf = /(/), / G C^(S). Then F is
dominated since ||F/|| = fs \\f(s)\\ d8,(s), where Ô, is the Dirac measure concentrated at /. By hypothesis F is absolute summing.
Assume now that 2 *" is w.u.c. in A and pick <p G C(S) such that <¡>(t) = 1.
Then 2 <pxn is w.u.c. in CX(S) by Lemma 1. Thus 2 T(<f>x") = 2 *n is absolutely summable. Hence by the generalized Dvoretzky-Rogers theorem of Pietsch [9, Theorem 8], A is finite dimensional. From the proof above we see that if A is any infinite dimensional F-space, there is a dominated linear operator T : CX(S) -* A which is not absolutely summing. That is, the converse of Corollary 5 is not valid. . We denote by ls(E) the linear subspace of lw(E) consisting of all sequences {x"} such that the series 2 x" is unconditionally convergent and assume that ls(E) is equipped with the e-norm from lw(E). Finally, we denote by la(E) the vector space of all sequences {x"} such that the series 2 x" is absolutely convergent and we assume that la(E) is equipped with the w-norm defined by Using (7), (8), and (10), we obtain ^x ir(T* ty) Si £ + "-(F) so that77(F#)
Si tt(F) < 00.
Remark. Since the w-norm dominates the usual operator norm [6, 2.2.3], it follows from Theorem 8 that m has finite variation with respect to the usual operator norm. From [2, III. 19.3] , it follows that an absolutely summing operator is dominated. This gives an alternate proof of Corollary 5.
We now establish the converse of Theorem 8 and compute the w-norm of F. Again we first establish some preliminary results.
Lemma 9. Let Z be a dense linear subspace ofX. Then ls(Z) is dense in ls(X) with respect to the e-norm.
Proof. Let 2 x" be unconditionally convergent in X, and let 8 > 0. For each « choose z" G Z such that ||x" -z"\\ < 8/2". Then 2 zn IS unconditionally convergent and e[xn -zn : n E N] = sup|| \(x',xn -zn)\ : ||x'|| Si \,x' E X' = Z'| < 8.
(Note that the e-norm on ls(Z) coincides with the e-norm from /S(A) since Z' and A' are isometrically isomorphic.)
Lemma 10. Let Z be a dense linear subspace of X. A bounded linear map T : X -» Y is absolutely summing iff its restriction to Z, Tz, is absolutely summable. In this case, 77(F) = tr(Tz).
Proof. If F is absolutely summing, it is clear that Tz is absolutely summing. Assume then that Tz is absolutely summing, and that 2 x" is w.u.c. in X. Let e > 0 and for each « pick zn E Z such that ||x" -z"|| < e/2". Since 2 Kx',z"}\ = 2 \(x',xn)>\ + 2 \(x',z" -xn)\ for each x' E X' = Z', 2 z" is w.u.c. in Z, and 2 117X11 < °°. Hence 2 l|Fx"|| < oo, and Fis absolutely summing. For (ii) note that if/,,... ,/" is a finite family of functions from CX(S) and e > 0, there is a finite family {«fy : j G a} in C(5) and {x,y : 1 Si i Si n, y G a} such that 0 Si ^ Si 1, 2ye« <f>; = L and ||/ -2,e" <Py*ifH < e for 1 = 1,..., «. Since the absolutely summing norm dominates the usual operator norm if m : B -> cfl<£(X, Y) has finite variation with respect to 77 (as in Theorem 12(h)), then m has finite variation with respect to the operator norm. The converse of this statement is false. We now give an example showing this. The example and Theorem 13 are both due to the referee.
Theorem 13. Let X and Y be B-spaces such that if m : B -^ <JIS(X, Y) has finite variation with respect to the usual operator norm, then m has finite variation with
